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The rescalingMt of a II1-factorM by a positive number t was introduced
by Murray and von Neumann [8]. In the paper [6], Ra˘dulescu and the
author showed that if Qð1Þ; . . . ;QðnÞ are II1-factors (n 2 f2; 3; . . .g) and if
0oto
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 1=n
p
then
ðQð1Þ*    *QðnÞÞt ﬃ Qð1Þt*    *QðnÞt *LðFrÞ; ð1Þ
where r ¼ ðn 1Þðt2  1Þ: Here LðFrÞ; (r > 1), is an interpolated free group
factor [2, 9]. In note [7], we deﬁned the RHS of (1) for any 1 nor41:
Several natural formulae were shown to hold, including
ðQð1Þ*    *QðnÞ*LðFrÞÞt ﬃQð1Þt*    *QðnÞt *LðFt2rþðn1Þðt21ÞÞ
ð1 nor41; 0oto1Þ:
This paper will study what we call free subproducts of von Neumann
algebras,
M ¼N *
i2I
½ti;QðiÞ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FREE SUBPRODUCTS AND FREE SCALED PRODUCTS 143Here we have a coefficient algebra N which must be a II1-factor, additional
von Neumann algebras QðiÞ with speciﬁed normal faithful tracial states
and 0oti41: Loosely speaking, each QðiÞ is added (freely) with support
projection pi 2N; where the trace of pi equals ti: (See Section 3 for details.)
We prove a number results about free subproducts when all the QðiÞ are II1-
factors, including (Theorem 3.10)
N *
n
i¼1
½tðiÞ;QðiÞ ﬃN*Qð1Þ 1
tð1Þ
*    *QðnÞ 1
tðnÞ
*LðFrÞ;
where r ¼ nþ
Pn
i¼1 tðiÞ
2; and (Theorem 3.11) if NﬃN*LðF1Þ or
QðiÞ ﬃ QðiÞ*LðF1Þ for some i then
N *
1
i¼1
½ti;QðiÞ ﬃN* *
1
i¼1
QðiÞ 1
tðiÞ
 
:
We then turn to compressions and rescalings of free subproducts of II1-
factors. In order to elegently express the rescaling of a free subproduct, we
deﬁne
M ¼N *
i2I
½ti;QðiÞ; ð2Þ
where every QðiÞ is a II1-factor and where 0otio1: This generalization of
the free subproduct is called the free scaled product. Analogues of the above-
mentioned results hold for free scaled products. We also prove the rescaling
result (Theorem 4.9)
N *
i2I
½tðiÞ;QðiÞ
 
s
ﬃNs *
i2I
tðiÞ
s
;QðiÞ
 
:
We then introduce the technique we call free trade in a free scaled product
of II1-factors. This allows, in a free scaled product,
ðN*LðFrÞÞ *
i2I
½ti;QðiÞ;
increasing some ti at the cost of decreasing r; or increasing r at the cost of
decreasing some ti: Of course, some ti can increase while another decreases
and r remains constant. Using free trade, we prove (Theorem 5.5(i)) that
N *
1
n¼1
½tðnÞ;QðnÞ ﬃN* *
1
n¼1
QðnÞ 1
tðnÞ
 
: ð3Þ
holds for a free scaled product whenever
P1
n¼1 tðnÞ
2 ¼ 1: We also show that
isomorphism of free group factors is equivalent to isomorphism (3) holding
for free scaled products in general.
KEN DYKEMA144Rescaled free products and free subproducts can arise quite naturally
in von Neumann algebras whose deﬁnitions involve freeness. For example,
the results of this paper are used in [4] to describe certain subfactors of
free product factors. In proving isomorphism theorems involving free
subproducts and free scaled products (2) and rescalings of them, we are
careful to keep track of how the algebra N and its compressions are
embedded in the free scaled products. Although this requires considerable
extra effort, the results are important for this paper’s development and for
applications.
In Section 1, the notation we use for von Neumann algebras with speciﬁed
traces is layed out and results from [1] about free products of certain classes
of von Neumann algebras with respect to traces are reviewed. This section
includes a discussion of the heuristic quantity ‘‘free dimension’’, which was
introduced in [1] and is useful for proving isomorphisms involving free
products of von Neumann algebras from a certain class. We also introduce a
minor modiﬁcation of notation for free dimension, which corrects a
misleading aspect of the old notation, and which we will use here and in the
future.
In Section 2, the rescaling of free products of II1-factors is revisited and
related results are proved. In Section 3, free subproducts of von Neumann
algebras are deﬁned and a number of facts about them are proved. In
Section 4, free scaled products are introduced and used to describe
rescalings of free subproducts of II1-factors. In Section 5, the technique of
free trade in free scaled products is developed.
1. INTERPOLATED FREE GROUP FACTORS AND FREE
DIMENSION
In this section, we describe some notation for specifying tracial states on
certain sorts of von Neumann algebras, and recall some results from [1]
about free products of von Neumann algebras. We will also describe the
heuristic notion of free dimension, which was introduced in [1] and which is a
useful tool for describing the von Neumann algebras resulting from these
free products. However, whether this free dimension is truly an invariant of
von Neumann algebras is still an open question, depending on whether the
free group factors are isomorphic to each other or not. We will describe this
in more detail, and also make a strictly rigorous interpretation of our free
dimension.
Let us begin by recalling that the family of interpolated free group factors
LðFrÞ; (1or41), extending the family of usual free group factors LðFnÞ;
(n 2 f2; 3; . . . ;1g), was deﬁned in [2, 9], these factors satisfy the rescaling
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LðFrÞt ﬃ LðF1þt2ðr1ÞÞ; ð1or41; 0oto1Þ ð4Þ
and their index behaves additively with respect to free products:
LðFrÞ*LðFsÞ ﬃ LðFrþsÞ;
where the free product is taken with respect to the tracial states on LðFrÞ and
LðFsÞ: From these isomorphism, it was shown in [2, 9] that the interpolated
free group factors are either all isomorphic to each other or all mutually
nonisomorphic; (however, assuming LðFrÞ ﬃ LðFsÞ for some 1osor41;
the isomorphism of LðFrÞ ﬃ LðF1Þ was shown by Ra˘dulescu [9], and not
in [2]).
The operation of free product for von Neumann algebras,
ðM;fÞ ¼ ðA;fAÞ* ðB;fBÞ; ð5Þ
deﬁned by Voiculescu [10] (see also the book [13]) acts on the class of pairs
ðN;cÞ of von Neumann algebrasN equipped with normal states c; whose
GNS representations are faithful. In this paper, we will be concerned only
with pairs ðN;fÞ where c is a faithful tracial state. Moreover, we will
usually avoid writing the traces explicitly, using the notation M ¼ A*B
instead of notation (5), with the understanding that the algebras A and B are
equipped with speciﬁc traces and with M inheriting the free product trace.
We use the following conventions for specifying traces on von Neumann
algebras:
(a) Any II1-factor is equipped with its unique tracial state.
(b) Any matrix algebra MnðCÞ is equipped with its unique tracial state.
(c) For any discrete group G; its group von Neumann algebra LðGÞ;
which is the strong-operator closure of the span of its left regular
representation on ‘2ðGÞ; is equipped with its canonical tracial state, tGðxÞ ¼
hde; xdei; where de 2 ‘2ðGÞ is the characteristic function of the identity
element of G:
(d) If A is equipped with a tracial state t and if p 2 A is a projection,
then pAp is equipped with the renormalized tracial state tðpÞ1tppAp:
(e) If A ¼ A1  A2 and if A1 and A2 are equipped with tracial states t1
and t2; respectively, then each of the notations
A ¼ A1
a
A2; A ¼ A1
a
 A2
1a
and A ¼ A1  A2
1a
indicates that the direct sum of von Neumann algebras A ¼ A1  A2 is
equipped with the tracial state
tðða1; a2ÞÞ ¼ at1ða1Þ þ ð1 aÞtða2Þ:
KEN DYKEMA146Moreover, if Ai is equipped with tracial state ti then the notation
A ¼ A1
a1
A2
a2
    An
an
;
where aj > 0 and a1 þ    þ an ¼ 1; indicates that the direct sum of von
Neumann algebras A ¼ A1      An is equipped with the tracial state
tðða1; . . . ; anÞÞ ¼
Xn
i¼1
aitiðaiÞ;
and we use a similar notation for countably inﬁnite direct sums.
Let F be the class of all von Neumann algebras, equipped with speciﬁed
faithful tracial states, that are either ﬁnite dimensional, hyperﬁnite,
interpolated free group factors or direct sums of the form

i2I
LðFti Þ or F  
i2I
LðFti Þ
 
;
where I is ﬁnite or countably inﬁnite and where F is either ﬁnite dimensional
or hyperﬁnite. In [1], it was shown that whenever A; B 2F and dimðAÞ52;
dimðBÞ53; then their free product M ¼ A*B; satisﬁes
Mﬃ LðFrÞ or Mﬃ LðFrÞ D; ð6Þ
where D is ﬁnite-dimensional von Neumann algebra. Moreover, an
algorithm was proved to determine whether M is a factor, and if it is not,
to ﬁnd D and the restriction of the free product trace to D: (This
information in turn depends only on information about minimal projections
in A and B and their traces.) In the proof of isomorphism (6), a value for the
parameter r was also found, although it is not yet known whether this
parameter has any meaning. The best way to describe the calculus for
ﬁnding r is to use what we called ‘‘free dimension’’, which we introduced in
[1]. This was a quantity fdimðAÞ; ostensibly assigned to any von Neumann
algebra with speciﬁed tracial state A belonging to the class F; according
to certain rules, which will be given below. One of the rules was
‘‘fdimðLðFtÞÞ ¼ t’’. However, the question of whether the free group factors
are isomorphic to each other was and remains open. We pointed out that the
assignement ‘‘fdimðLðFtÞÞ ¼ t’’ does not lead to any mathematical contra-
diction, because the only valid use of free dimension computed using such
assignements is to ﬁnd the parameter r in (6), which is only meaningful if the
free group factors are mutually nonisomorphic.
However, the valid objection has been raised that the notation
‘‘fdimðLðFtÞÞ ¼ t’’ is extremeley misleading. Therefore, we will modify our
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‘‘fdimðAÞ ¼ t’’ for a von Neumann algebra with speciﬁed tracial state A
belonging to the class F; we will write ‘‘A has a generating set of free
dimension t’’. Then, with this convention, results of [1] give the following
rules, which allow one to compute r in (6):
(i) If A is a hyperﬁnite von Neumann algebra that is diffuse (i.e. having
no minimal projections) then A has a generating set of free dimension 1:
(ii) If A ¼ MnðCÞ; n 2 N; then A has a generating set of free dimension
1 n2:
(iii) If A is an interpolated free group factor then A ﬃ LðFtÞ if and only
if A has a generating set of free dimension t:
(iv) If
A ¼ A1
a1
     An
an
or A ¼ 
1
i¼1
Ai
ai
and if Ai has a generating set of free dimension ti; then A has a generating set
of free dimension
t ¼ 1þ
Xm
i¼1
a2i ðti  1Þ;
where m ¼ n or m ¼ 1; respectively.
(v) If
A ¼ B1 *    *Bn or A ¼ *
1
i¼1
Bi
and if Bj has a generating set of free dimension ti then A has a generating set
of free dimension t ¼
Pm
i¼1 ti; where m ¼ n or m ¼ 1; respectively.
We should point out that the phrase ‘‘has a generating set of free
dimension’’ is intended to be used primarily as a code to help us in
computations, not unlike the misleading code ‘‘fdimðAÞ ¼   ’’ that it
replaces. Thus, for example, if
M ¼ LðF2Þ  C
1=2
 
*LðF4Þ;
then we note that M has a generating set of free dimension 5; while from
results of [1] M must be an interpolated free group factor; hence
Mﬃ LðF5Þ: However, if we wish, we may correctly interpret the phrase
to refer to actual generating sets of von Neumann algebras and, for certain
classes of them, their (heuristic) free dimensions. We will refrain from
explicating this interpretation in detail, but will observe that there is no
KEN DYKEMA148assertion that all generating sets of a von Neumann algebra to which a free
dimension can be assigned will have the same free dimension.
The notion of free dimension as used in [1] and in this paper should not be
confused with the free entropy dimensions which were deﬁned by Voiculescu
[11, 12]. While the former is only a heuristic device to help in intermediate
calculations in order to obtain true statements about certain isomorphisms
of von Neumann algebras, the latter are intrinsic quantities which are
deﬁned on n-tuples of self-adjoint elements in von Neumann algebras having
speciﬁed traces.
2. RESCALINGS OF FREE PRODUCTS OF II1-FACTORS
REVISITED
The paper [6], where the compression formula
*
i2I
AðiÞ
 
t
ﬃ *
i2I
AðiÞt
 
*LðFðjI j1Þðt21ÞÞ ð7Þ
was proved for II1-factors AðiÞ; was concerned only with the isomorphism
class of the compression. However, we will need to know that if p 2 Aði0Þ is a
projection, then pAði0Þp is itself freely complemented in pð* i2I AðiÞÞp: The
purpose of the next lemma is to prove this by modifying the proof of
formula (7) found in [6].
Theorem 2.1. Let I be a finite or countably infinite set and for each i 2 I
let AðiÞ be a II1-factor. Let
M ¼ *
i2I
AðiÞ:
Single out some i0 2 I and let p 2 Aði0Þ be a projection of trace t; where
0oto1: Then pAði0Þp is freely complemented in pMp by an algebra
isomorphic to
*
i2I =fi0g
AðiÞt
 !
*LðFðjI j1Þðt21ÞÞ: ð8Þ
Proof. If t ¼ 1=n for some n 2 N then this follows directly from the proof
of Lemma 1.1 of [6].
Suppose t is not a reciprocal integer. From the proof of Lemma 1.2 of [6],
pMp ¼ Wn pNp[ pAði0Þp[
[
i2I =fi0g
uðiÞnAðiÞuðiÞ
0
@
1
A;
FREE SUBPRODUCTS AND FREE SCALED PRODUCTS 149where uðiÞ 2N are some partial isometries with uðiÞnuðiÞ ¼ p and uðiÞuðiÞn 2
AðiÞ: Moreover, the family
pNp; pAði0Þp; uðiÞ
nAðiÞuðiÞ
 
i2I =fi0g
of subalgebras of pMp is free over a common two-dimensional subalgebra
D ¼ C
r
 C;
and
pNp ﬃ
LðFxÞ if t41 12jI j;
LðFwÞ  Ca if t > 1 12jI j;
(
where
x ¼ ðjI j  1Þðt2  1Þ þ 2jI jrð1 rÞ;
w ¼ 2 ðjI j þ 1Þð2jI j  1Þ2;
a ¼ 2jI j  ð2jI j  1Þt1:
Let
A ¼ *
i2I
C
r
 C
1r
 
:
Note thatA has a generating set of free dimension 2jI jrð1 rÞ: We will ﬁnd
Q such that pNp ﬃ Q*A:
First suppose ðjI j  1Þðt2  1Þ51; i.e.
t4
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
1
jI j
s
:
Then t41 1
2jI j; and it sufﬁces to take
Q ¼
LðFðjI j1Þðt21ÞÞ if to
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 1jI j
q
;
R if t ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 1jI j
q
;
8><
>:
where R is the hyperﬁnite II1-factor.
Now suppose ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
1
jI j
s
ot41 1
2jI j
:
KEN DYKEMA150Then,
1
2jI j  1
4ro
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
jI j
jI j  1
s
 1; ð10Þ
so jI jro1 and
Aﬃ
L1½0; 1 M2ðCÞ  C12r if jI j ¼ 2;
LðFvÞ  C1jI jr if jI j53;
(
ð11Þ
where v ¼ ð2jI j  1Þ=jI j: If we can ﬁnd Q having a generating set of free
dimension ðjI j  1Þðt2  1Þ ¼ ðjI j  1Þðr2 þ 2rÞ and such that Q has no
central and minimal projections of trace > jI jr; then we will have
A*Q ¼ LðFðjI j1Þðt21Þþ2jI jrð1rÞÞ; as required. Since
jI jr5
jI j
2jI j  1
>
1
2
;
we can let
Q ¼ Qð1Þ  C
jI jr
;
where Qð1Þ 2F has a generating set of the appropriate free dimension. We
must show this is possible. Qð1Þ must have generating set of free dimension
t1; where
ðjI j  1Þðr2 þ 2rÞ ¼ 1 ðjI jrÞ2 þ ð1 jI jrÞ2ðt1  1Þ:
Solving yields
t1 ¼
ð2jI j2 þ jI j  1Þr2  2r
ð1 jI jrÞ2
: ð12Þ
But the lower bound (10) gives that ð2jI j2 þ jI j  1Þr2  2r > 0: We can take
Qð1Þ ¼ LðFuÞ  C
g
for suitable u > 1 and g > 0 making (12) hold, and this yields pNp ﬃA*Q:
Finally, suppose
t > 1
1
2jI j
:
Then 0oro1=ð2jI j  1Þ and jI jro1; so (11) holds. In isomorphism (9),
a ¼ 1 ð2jI j  1Þr: So letting
Q ¼ L F
2þ 1jI j1
 
 C
1ðjI j1Þr
we ﬁnd that pNp ﬃA*Q:
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pNp ¼ W n F [
[
i2I
D˜i
 !
;
where F 2F has generating set of free dimension ðjI j  1Þðt2  1Þ and with
D  F ; each D˜i is a tracially identical copy of D and the family F ; ðD˜iÞi2I is
free. Then
pMp ¼ W n ðF [ D˜i0 Þ [ pAði0Þp[
[
i2I =fi0g
ðuðiÞnAðiÞuðiÞ [ D˜iÞ
0
@
1
A
and the family
W nðF [ D˜i0 Þ; pAði0Þp; ðW
nðuðiÞnAðiÞuðiÞ [ D˜iÞÞi2I =fiog
is free over D: But D˜i0 is in W
nðF [ D˜i0 Þ both freely complemented by F and
unitarily equivalent to D: Hence D is freely complemented in W nðF [ D˜i0 Þ
by an algebra isomorphic to F : Similarly, as D˜ is in W nðuðiÞnAðiÞuðiÞ [ D˜iÞ
both freely complemented by an algebra isomorphic to AðiÞt and unitarily
equivalent to D; we conclude that D is freely complemented in W nðuðiÞn
AðiÞuðiÞ [ D˜iÞ by an algebra isomorphic to AðiÞt: Altogether, we have
that pAði0Þp is freely complemented in pNp by an algebra isomorphic to
algebra (8). ]
The following standard lemma will allow use of Theorem 2.1 in reverse
(see Corollary 2.3). For completeness, we indicate a proof.
Lemma 2.2. Suppose N is a II1-factor,Mð1Þ and Mð2Þ are von Neumann
algebras and pk :N!MðkÞ; (k ¼ 1; 2) are normal, unital *-homomorph-
isms. Let p 2N be a nonzero projection and suppose there is an isomorphism
r : p1ðpÞMð1Þp1ðpÞ!

p2ðpÞMð2Þp2ðpÞ
such that r 8 p1ppNp ¼ p2ppNp: Then there is an isomorphism s :Mð1Þ !
Mð2Þ such that s 8 p1 ¼ p2 and spp1ðpÞMð1Þp1ðpÞ ¼ r:
Proof. There is n 2 N[ f0g and there are v0; v1; . . . ; vn such that
Pn
j¼0
vnj vj ¼ 1; v0v
n
04p and vjv
n
j ¼ p (14j4n). Deﬁne s by
sðxÞ ¼
X
04i;j4n
p2ðviÞ
nrðp1ðviÞxp1ðvjÞ
nÞp2ðvjÞ: ]
KEN DYKEMA152Corollary 2.3. Let N be a II1-factor unitally contained in a von
Neumann algebra M with fixed tracial state. If p 2N is a projection of trace t
and if pNp is freely complemented in pMp by an algebra which is trace-
preservingly isomorphic to
*
i2I
AðiÞ
 
*LðFnðt21ÞÞ;
for some II1-factors AðiÞ; then N is freely complemented in M by an algebra
isomorphic to
*
i2I
AðiÞ1
t
:
Proof. Let p :N!M denote the inclusion. Let *M ¼N* ð* i2I AðiÞ1=tÞ
and let *p :N! *M denote the embedding arising from the free product
construction. By Theorem 2.1 and the hypothesis on pMp; there is an
isomorphism r : pMp! *pðpÞ *M *pðpÞ such that r 8 pppNp ¼ *pppNp: By Lem-
ma 2.2, r extends to an isomorphism s :M! *M such that s 8 p ¼ *p: ]
Ra˘dulescu and the author showed [7] that if A 2F has a generating set of
free dimension r and if N is a II1-factor then N*A ﬃN*LðFrÞ: We now
show that the resulting embedding N+N*LðFrÞ is independent of the
choice of the particular algebra A; so long as it has a generating set of free
dimension r:
Proposition 2.4. Let N be a II1-factor and let A1; A2 2F
have generating sets of the same free dimension r > 0: Let MðiÞ ¼
N*Ai (i ¼ 1; 2). Then there is an isomorphism Mð1Þ!
 Mð2Þ which
intertwines the embeddings N+MðiÞ arising from the free product
construction.
Proof. By [1], we may take k 2 N be so large that Ai *MkðCÞ
is isomorphic to the interpolated free group factor LðFrþ1k2Þ for
both i ¼ 1 and 2. Let ðeijÞ14i;j4k be a system of matrix units in N and
let
PðiÞ ¼ W nðfeij j 14i; j4kg [ AiÞ MðiÞ:
Then,
MðiÞ ¼ W nðfeij j 14i; j4kg [ e11Ne11 [ e11PðiÞe11Þ:
FREE SUBPRODUCTS AND FREE SCALED PRODUCTS 153By [1, Theorem 1.2], e11Ne11 and e11PðiÞe11 are free. Choosing any
isomorphism e11Pð1Þe11! e11Pð2Þe11 and taking the identity maps on e11
Ne11 and feij j14i; j4kg; we construct the desired isomorphism
Mð1Þ! Mð2Þ: ]
Definition 2.5. Let N be a II1-factor and let r > 0: By the canonical
embedding N+N*LðFrÞ; we will mean any inclusion such that the image
ofN inN*LðFrÞ is freely complemented by an algebra A which (together
with the restriction of the trace) belongs to the classF and has a generating
set of free dimension r:
Definition 2.6. Let us extend the notationN*LðFrÞ to the case r ¼ 0;
deﬁningN*LðF0Þ to beN and the canonical embeddingN+N*LðF0Þ to
be the identity map.
3. FREE SUBPRODUCTS OF VON NEUMANN ALGEBRAS
What follows is the construction of the free subproduct. We have as a
coefficient algebra a II1-factor N and we add, in a free manner, von
Neumann algebras QðiÞ having with speciﬁed normal faithful tracial states at
projections in N with traces ti:
Proposition 3.1. Let N be a II1-factor. Let I be a set and for every i 2 I
let QðiÞ be a von Neumann algebra with fixed normal, faithful, tracial state and
let 0oti41: Then there is a von Neumann algebra M with normal faithful
tracial state t; unique up to trace-preserving isomorphism, with the property
that
M ¼ W n A[
[
i2I
Bi
 !
;
where
(i) A is a unital subalgebra of M isomorphic to N;
(ii) for all i 2 I ; pi 2 Bi  piMpi for a projection pi 2 A having trace ti
and there is a trace-preserving isomorphism Bi! QðiÞ;
(iii) for all i 2 I ; Bi and
pi W
n A [
[
j2I =fig
Bj
0
@
1
A
0
@
1
Api
are free with respect to t1i tppiMpi :
KEN DYKEMA154Proof. Let
P ¼N* *
i2I
C
1ti
 QðiÞ
ti
  
: ð13Þ
Let lN :N+P and li : C QðiÞ+P be the embeddings arising from the
free product construction. Let
PðiÞ ¼ W nðlNðNÞ [ liðC CÞÞ:
Then by [7, Proposition 4(ix)], PðiÞ is the II1-factor N*LðF2tið1tiÞÞ: Let
qi ¼ lið0 1Þ 2 PðiÞ and let vi 2 PðiÞ be such that vivni ¼ qi and pi :¼ v
n
i vi 2
lNðNÞ: By [1, Theorem 1.2], lið0 QðiÞÞ and
vi W
n PðiÞ [
[
j2I =fig
ljðC QðjÞÞ
0
@
1
A
0
@
1
Avni
are free. Let A ¼ lNðNÞ; Bi ¼ vni lið0 QðiÞÞvi; let
M ¼ W n A[
[
i2I
Bi
 !
and let t be the restriction of the free product trace on P to M: Then the
pair ðM; tÞ satisﬁes the desired properties. Moreover, if the pi are ﬁxed then
M is clearly unique up to trace-preserving isomorphism. However, using
partial isometries in A; the projections pi 2 A may be chosen arbitrarily so
long as tðpiÞ ¼ ti: This shows the desired uniqueness. ]
Remark 3.2. For future use note that if Ci ¼ W nðA [ BiÞ then the
family ðCiÞi2I is free over A; with respect to the trace-preserving conditional
expectation M! A; which is the restriction of the canonical conditional
expectation P! A ¼ lNðNÞ arising from the free product construction
in (13).
Definition 3.3. The von Neumann algebra M of Proposition 3.1 will
be called the free subproduct of N with ðQðiÞÞi2I at projections of traces
ðtiÞi2I ; and will be denoted
N *
i2I
½ti;QðiÞ: ð14Þ
The inclusion A+M is called the canonical embedding
N+N *
i2I
½ti;QðiÞ:
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N* ½t1;Qð1Þ if I ¼ f1g;
N *
n
i¼1
½ti;QðiÞ if I ¼ f1; . . . ; ng;
N *
1
i¼1
½ti;QðiÞ if I ¼ N:
Remark 3.4. Dimitri Shlyakhtenko has pointed out to us that the free
subproduct
M ¼N *
i2I
½ti;QðiÞ
is isomorphic to the amalgamated free product
ð*NÞi2I N* ðCCÞ C
1ti
 QðiÞ
ti
  
;
where all amalgamations are with respect to the trace-preserving conditional
expectations and where the ith amalgamation over C C is with respect to
the copy of C C in C QðiÞ suggested by the notation (and any copy in
N) having minimal projections of traces 1 ti and ti:
We will be primarily interested in free subproducts (14) where the QðiÞ are
either II1-factors or belong to the class of algebras F: We begin, however,
with a few easy properties of free subproducts.
Proposition 3.5. Let
M ¼N *
i2I
½ti;QðiÞ
be a free subproduct of von Neumann algebras.
(A) If I ¼ I1 [ I2 is a partition of I then there is an isomorphism
M!

N *
i2I1
½ti;QðiÞ
 !
*
i2I2
½ti;QðiÞ
intertwining the canonical embedding N+M with the composition of the
canonical embeddings
N+N *
i2I1
½ti;QðiÞ
KEN DYKEMA156and
N *
i2I1
½ti;QðiÞ+ N *
i2I1
½ti;QðiÞ
 !
*
i2I2
½ti;QðiÞ:
(B) If I1 ¼ fi 2 I j ti ¼ 1g then there is an isomorphism
M!

N* *
i2I1
QðiÞ
 ! !
*
i2I =I1
½ti;QðiÞ
intertwining the canonical embedding N+M with the composition of the
embedding
N+N* *
i2I1
QðiÞ
 !
arising from the free product construction and the canonical embedding
N* *
i2I1
QðiÞ
 !
+ N* *
i2I1
QðiÞ
 ! !
*
i2I =I1
½ti;QðiÞ:
(C) If
QðiÞ ¼NðiÞ *
j2Ji
½sj ;PðjÞ ði 2 IÞ
for a family ðJiÞi2I of pairwise disjoint sets, II1-factors NðiÞ and von Neumann
algebras PðjÞ; then letting J ¼
S
i2I Ji and rj ¼ sjti whenever j 2 Ji; there is an
isomorphism
M!

N *
i2I
½ti;NðiÞ
 
*
j2J
½rj ;PðjÞ
intertwining the canonical embedding N+M with the composition of the
canonical embeddings
N+N *
i2I
½ti;NðiÞ
and
N *
i2I
½ti;NðiÞ+ N *
i2I
½ti;NðiÞ
 
*
j2J
½rj ;PðjÞ:
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Mði þ 1Þ ﬃMðiÞ *
j2Ji
½tj ;QðjÞ
with ðJiÞi2N a family of pairwise disjoint sets and if pi :MðiÞ+Mði þ 1Þ is the
canonical embedding then letting
M ¼ lim
!
i
ðMðiÞ;piÞ
be the inductive limit, we have
MﬃMð1Þ *
j2J
½tj ;QðjÞ:
Proposition 3.6. Let
M ¼N *
i2I
½ti;QðiÞ
be any free subproduct. Then M is a II1-factor.
Proof. By the results of [3], the free product of a II1-factor with any von
Neumann algebra is a factor. Hence if jI j ¼ 1 then M is a factor. By
induction, it follows that M is a factor whenever I is ﬁnite.
For I inﬁnite, factoriality ofM can be proved by transﬁnite induction on
the cardinality of I : Let  be a well-ordering of I with the order structure
of the least ordinal having the same cardinality as I : Given k 2 I ; let
IðkÞ ¼ fi 2 I j i  kg [ fkg and let MðkÞ ¼ W nðA [
S
i2IðkÞ BiÞ: Then
MðkÞ ﬃN *
i2IðkÞ
½ti;QðiÞ:
By the induction hypothesis, each MðkÞ is a II1-factor. As
M ¼
[
k2I
MðkÞ;
it follows that M is a factor. ]
The following lemma prepares us to consider the case of a free subproduct
N* i2I ½ti;QðiÞ where QðiÞ 2F for all i 2 I : Although we are concerned in
this paper only with von Neumann algebra free products with traces, it
seems expedient for possible future use to prove the lemma for free products
with respect to states.
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von Neumann algebras, where c and r are normal states. Suppose that
in the centralizer Nc of c in N; there are projections pk (k 2 K) such
that
P
k2K pk ¼ 1: For every k 2 K let nðkÞ 2 N and suppose ðe
ðkÞ
ij Þ14i;j4nðkÞ
is a system of matrix units in Nc such that
PnðkÞ
i¼1 e
ðkÞ
ii ¼ pk: Let q ¼
P
k2K e
ðkÞ
11 :
Let
P ¼ W n feðkÞij j k 2 K ; 14i; j4nðkÞg [ F
 
M:
Let D ¼ spanwfeðkÞ11 j k 2 Kg: Then qPq and qNq are free over D; with respect
to the f-preserving conditional expectation E : qMq ! D:
Proof. In order to prove freeness over D of qPq and qNq; it will sufﬁce
to show
LoðqPq\ ker E; qNq\ ker EÞ  ker f; ð15Þ
where for subsets X and Y of an algebra, LoðX ; Y Þ is the set of all words
which are products a1a2 . . . an; of elements aj 2 X [ Y ; satisfying aj 2 X ,
ajþ1 2 Y :
Let Po ¼ P\ ker f; No ¼N\ ker c and Fo ¼ F \ ker r: Then Po is
the weakn closure of the linear span of Y; where
Y ¼LoðfeðkÞij j k 2 K ; 14i; j4nðkÞ; iajg
[ feðkÞii  fðe
k
iiÞ1 j k 2 K ; 14i4nðkÞg; F
oÞ:
The set qPq \ ker E is the weakn closure of the linear span of
[
k2K
ðeðkÞ11Pe
ðkÞ
11 Þ
o
 !
[
[
k1;k22K
k1ak2
e
ðk1Þ
11 Pe
ðk2Þ
11
0
BB@
1
CCA
and ðeðkÞ11Pe
ðkÞ
11 Þ
o; respectively, eðk1Þ11 Pe
ðk2Þ
11 ; (k1ak2), is the weak
n closure of the
linear span of e
ðkÞ
11Yk;ke
ðkÞ
11 ; respectively, e
ðk1Þ
11 Yk1;k2e
ðk2Þ
11 ; where for k; k
0 2 K ;
Yk;k0 is the set of words in Y
whose first letter either belongs to Fo or is e
ðkÞ
1j ; some j > 1
and whose last letter either belongs to Fo or is e
ðk0Þ
j1 ; some j > 1:
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that qNq \ ker E is the weakn closure of the linear span of
C ¼
[
k2K
ðeðkÞ11Ne
ðkÞ
11 Þ
o
 !
[
[
k1;k22K
k1ak2
e
ðk1Þ
11 Ne
ðk2Þ
11
0
BB@
1
CCA:
Thus, in order to prove (15), it will sufﬁce to show
Lo C;
[
k;k02K
Yk;k0
 !
 ker f: ð16Þ
However, beginning with a word x from the left-hand side of (16), one can
erase parentheses and regroup to show that x is equal to a word from
LoðNo; FoÞ: Then fðxÞ ¼ 0 follows by freeness. ]
Lemma 3.8. Let M ¼N* ½t;Q where Q 2F has a generating set of free
dimension g: Then there is an isomorphism M! N*LðFt2gÞ which intertwines
the canonical embedding N+M with the canonical embedding N+N*
LðFt2gÞ:
Proof. M is generated by a unital copy of N M and a subalgebra
p 2 B  pMp B ﬃ Q; where p 2N is a projection of trace t and where pNp
and B are free in pMp: Let F 2F have generating set of free dimension t2g:
Recall that the canonical embedding N+N*LðFt2gÞ is the embedding
N+N*F arising from the free product construction.
Let q; r 2N be projections such that qþ r ¼ 1; let m; n 2 N and let
ðeijÞ14i;j4m and ð fijÞ14i;j4n be systems of matrix units in N such that
Xm
i¼1
eii ¼ q;
Xn
i¼1
fii ¼ r and p ¼ e11 þ r:
We may and do choose m and n so large that if
A ¼ spanfeij j4i; j4mg [ ffij j4i; j4ng
is equipped with the trace inherited from N then A*F is a factor and
ð pApÞ*Q is a factor.
Let a ¼ tNðe11Þ and b ¼ tNð f11Þ; where tN is the tracial state onN: We
have
W nð pAp [ BÞ ﬃ ð pApÞ*Qﬃ LðFs1 Þ;
KEN DYKEMA160where
s1 ¼ gþ 1
a
t
 2

b
t
 2
:
Thus,
ðe11 þ f11ÞðW nð pAp [ BÞÞðe11 þ f11Þ ﬃ LðFs2Þ;
where
s2 ¼ 1þ
t2g
ðaþ bÞ2

a
aþ b
 2

b
aþ b
 2
:
We have
M ¼W nðfeij j4i; j4mg [ f fij j 14i; j4ng
[ ðe11 þ f11ÞNðe11 þ f11Þ [ ðe11 þ f11ÞðW nð pAp[ BÞÞðe11 þ f11ÞÞ ð17Þ
and, by Lemma 3.7, ðe11 þ f11ÞNðe11 þ f11Þ and ðe11 þ f11ÞðW nð pAp [ BÞÞ
ðe11 þ f11Þ are free over Ce11 þ Cf11 with respect to the trace-preserving
conditional expectation ðe11 þ f11ÞMðe11 þ f11Þ ! Ce11 þ Cf11:
On the other hand, letting P ¼N*F ; we have
P ¼ W nððe11 þ f11ÞNðe11 þ f11Þ [W nðA[ F ÞÞ
and W nðA [ F Þ ﬃ LðFs3Þ where s3 ¼ 1þ t
2g a2  b2: Therefore, ðe11 þ
f11ÞWnðA [ F Þðe11 þ f11Þ ﬃ LðFs2 Þ: Furthermore,
P ¼W nðfeij j 14i; j4mg [ ffij j 14i; j4ng
[ ðe11 þ f11ÞNðe11 þ f11Þ [ ðe11 þ f11ÞðW nðA [ F ÞÞðe11 þ f11ÞÞ ð18Þ
while by Lemma 3.7, ðe11 þ f11ÞNðe11 þ f11Þ and ðe11 þ f11ÞðW nðA [ F ÞÞ
ðe11 þ f11Þ are free over Ce11 þ Cf11 with respect to the trace-preserving
conditional expectation ðe11 þ f11ÞPðe11 þ f11Þ ! Ce11 þ Cf11:
The von Neumann algebras ðe11 þ f11ÞW nðA [ F Þðe11 þ f11Þ and ðe11 þ
f11ÞWnð pAp [ BÞðe11 þ f11Þ are isomorphic, and we can choose an
isomorphism so that e11/ e11 and f11/ f11: Using this isomorphism,
sending ðe11 þ f11ÞNðe11 þ f11Þ identically to itself and sending eij/ eij and
fij/ fij ; from (17) and (18) we get an isomorphism M! P which
is the identity on the embedded copies of N: By [7, Proposition 4(ix)],
PﬃN*LðFt2gÞ:
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M ¼N *
i2I
½tðiÞ;QðiÞ;
where I is finite or countably infinite and where for all i 2 I ; QðiÞ 2F: Let
QðiÞ have a generating set of free dimension gi: Then M is isomorphic to
N*LðFrÞ; where
r ¼
X
i2I
tðiÞ2gi;
by an isomorphism intertwining the canonical embedding N+M with the
canonical embedding N+N*LðFrÞ:
Proof. Iterating Lemma 3.8, we see that the image of the canonical
embedding N+M is freely complemented by an algebra isomorphic to
F ¼ * i2I Fi where Fi 2F has generating set of free dimension tðiÞ
2gi: By the
results of [1], (see Section 1) we have F 2F and F has a generating set of
free dimension r: ]
Henceforth in this section, we will concentrate on free subproducts
N* i2I ½ti;QðiÞ where every QðiÞ is a II1-factor and where I is ﬁnite or
countably inﬁnite.
Theorem 3.10. Let
M ¼N *
n
i¼1
½tðiÞ;QðiÞ;
where n 2 N: If Qð1Þ; . . . ;QðnÞ are II1-factors then
MﬃN*Qð1Þ 1
tð1Þ
*    *QðnÞ 1
tðnÞ
*LðFrÞ;
where
r ¼ nþ
Xn
i¼1
tðiÞ2: ð19Þ
Proof. Use induction on n: When n ¼ 1 then by construction,
N * ½tð1Þ;Qð1Þ ﬃ ðNtð1Þ *Qð1ÞÞ 1
tð1Þ
ﬃN*Qð1Þ 1
tð1Þ
*LðFtð1Þ21Þ: ð20Þ
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N *
n
i¼1
½tðiÞ;QðiÞ ﬃ N *
n1
i¼1
½tðiÞ;QðiÞ
 
* ½tðnÞ;QðnÞ
ﬃ N*Qð1Þ 1
tð1Þ
*    *Qðn 1Þ 1
tðn1Þ
*LðFr0 Þ
 
* ½tðnÞ;QðnÞ
ﬃN*Qð1Þ 1
tð1Þ
*    *QðnÞ 1
tðnÞ
*LðFrÞ;
where r0 ¼ nþ 1þ
Pn1
i¼1 tðiÞ
2 and r is as in (19). The isomorphisms above
are from the nesting result of Proposition 3.5(A), the induction hypothesis
and, respectively, (20) combined with [7, Proposition 4(vii)]. ]
Theorem 3.11. Let
M ¼N *
1
i¼1
½ti;QðiÞ; ð21Þ
where every QðiÞ is a II1-factor. If NﬃN*LðF1Þ or if QðkÞ ﬃ QðkÞ*LðF1Þ
for some k 2 N; then
MﬃN* *
1
i¼1
QðiÞ 1
tðiÞ
 
: ð22Þ
Furthermore, regarding N as contained in M via the canonical embedding for
the construction of the free subproduct (21), N is freely complemented in M
by an algebra isomorphic to
*
1
i¼1
QðiÞ 1
tðiÞ
: ð23Þ
Proof. Suppose NﬃN*LðF1Þ: We will perform a variant of the
construction in the proof of Proposition 3.1 for
M ¼ ðN*LðF1ÞÞ *
1
i¼1
½ti;QðiÞ:
We may rewrite P as
P ¼ N* *
1
i¼1
Di
  
* *
1
i¼1
C
1tðiÞ
QðiÞ
tðiÞ
 ! !
;
where Di ﬃ LðF1Þ: Let lN :N+P; li : C QðiÞ+P and ki : Di+P be
the embeddings arising from the free product construction. We may
choose, for each i; vi 2 W nðkiðDiÞ [ liðC CÞ so that vivni ¼ lið0 1Þ and
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M ¼ W n lNðNÞ [
[1
i¼1
ðkiðDiÞ [ vni lið0 QðiÞÞviÞ
 !
:
But the family
lNðNÞ; ðW nðkiðDiÞ [ vni lið0 QðiÞÞviÞÞ
1
i¼1
is free with respect to the free product trace on P; while
W nðkiðDiÞ [ vni lið0 QðiÞÞviÞ ﬃDi * ½tðiÞ;QðiÞ
ﬃLðF1Þ*QðiÞ 1
tðiÞ
;
so
MﬃN* *
1
i¼1
LðF1Þ*QðiÞ 1
tðiÞ
  
ﬃN* *
1
i¼1
QðiÞ 1
tðiÞ
 
*LðF1Þ
ﬃN* *
1
i¼1
QðiÞ 1
tðiÞ
 
;
where the third isomorphism above is because by [6, Theorem 1.5], every
free product of inﬁnitely many II1-factors is stable under taking the free
product with LðF1Þ: This proves isomorphism (22) and that N is freely
complemented in M by an algebra isomorphic to (23).
Now suppose QðkÞ ﬃ QðkÞ*LðF1Þ; for some k 2 N: We may without loss
of generality take k ¼ 1: Let Qð1Þ be generated by free subalgebras D and F ;
where D ﬃ Qð1Þ and F ﬃ LðF1Þ: Then using the nesting result of
Proposition 3.5(A),
MﬃðN* ½tð1Þ;Qð1ÞÞ *
1
i¼2
½tðiÞ;QðiÞ
ﬃ ðN* ½tð1Þ; F Þ *
1
i¼1
½tðiÞ;QðiÞ:
By Theorem 3.9, N* ½tð1Þ; F  ﬃN*LðF1Þ via an isomorphism intertwin-
ing the canonical embedding N+N* ½tð1Þ; F  and the embedding N+
N*LðF1Þ coming from the free product construction. Therefore, there is an
isomorphism
M!

ðN*LðF1ÞÞ *
1
i¼1
½tðiÞ;QðiÞ
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embeddingN+N*LðF1Þ coming from the free product construction and
the canonical embedding
N*LðF1Þ+ðN*LðF1ÞÞ *
1
i¼1
½tðiÞ;QðiÞ:
Now applying the part of the theorem already proved shows isomorphism
(22) and that N is freely complemented inM by an algebra isomorphic to
LðF1Þ* *
1
i¼1
QðiÞ 1
tðiÞ:
 
ﬃ *
1
i¼1
QðiÞ 1
tðiÞ
: ]
Lemma 3.12. Let
M ¼N *
1
i¼1
½tðiÞ;QðiÞ ð24Þ
be a free subproduct of countably infinitely many II1-factors. If there is e > 0
such that tðiÞ > e for inﬁnitely many i 2 N; then
MﬃN* *
1
i¼1
QðiÞ 1
tðiÞ
 
: ð25Þ
Furthermore, regarding N as contained in M via the canonical embedding for
the free subproduct construction (24), N is freely complemented in M by an
algebra isomorphic to
*
1
i¼1
QðiÞ 1
tðiÞ
: ð26Þ
Proof. Let I1 be an inﬁnite set of i 2 N such that tðiÞ > e and such that
I0 :¼ N=I1 is also inﬁnite. By the nesting result of Proposition 3.5(A),
MﬃMð1Þ *
i2I0
½tðiÞ;QðiÞ;
where
Mð1Þ ¼N *
i2I1
½tðiÞ;QðiÞ:
If we can show
Mð1Þ ﬃN* *
i2I1
QðiÞ 1
tðiÞ
 !
;
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isomorphism (25) will follow from Theorem 3.11. Hence we may, without
loss of generality, assume tðiÞ > e for all i 2 N:
Let
M ¼ W n A [
[1
i¼1
Bi
 !
 P ¼N* *
1
i¼1
C QðiÞ
tðiÞ
 ! !
with trace t be as in the proof of Proposition 3.1. Recall Bi ¼ vni lið0
QðiÞÞvi where the projection vni vi 2 A is arbitrary subject to its trace being tðiÞ:
Let us ﬁx a projection p 2 A of trace e; and let us take pi5p for all i 2 N: Let
Ci ¼ W nðA [ BiÞ and recall from Remark 3.2 that the family ðCiÞ
1
i¼1 is free
over A with respect to the canonical trace-preserving conditional expecta-
tion EPA :P! A: Using partial isometries from A to bring everything under
p; we see that
pMp ¼ W n
[1
i¼1
pCip
 !
and that the family ð pCipÞ
1
i¼1 is free over pAp with respect to E
P
A ppMp: Now
piCipi ¼ W nð piApi [ BiÞ and, moreover, piApi and Bi are free by Proposi-
tion 3.1. It follows from Theorem 2.1 that pAp is freely complemented in
pCip by an algebra, let us call it Di; isomorphic to
QðiÞ e
tðiÞ
*LðFyðiÞÞ;
where yðiÞ ¼ ðtðiÞe Þ
2  1: Thus,
pMp ¼ W n pAp [
[1
i¼1
Di
 !
and the family pAp; ðDiÞ
1
i¼1 is free with respect to e
1tppMp; yielding
pMp ﬃ ð pNpÞ* *
1
i¼1
QðiÞ e
tðiÞ
 
*LðF1Þ;
with pNp freely complemented in pMp by an algebra isomorphic to
*
1
i¼1
QðiÞ e
tðiÞ
*LðF1Þ:
Application of Corollary 2.3 gives isomorphism (25), and that N is freely
complemented in M by an algebra isomorphic to the one displayed
at (26). ]
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The notation introduced below, though perhaps awkward to deﬁne,
permits an elegent formulation of rescalings of free subproducts of II1-
factors.
Definition 4.1. LetN be a II1-factor, let I be a set and for every i 2 I
let QðiÞ be a II1-factor and let 0otðiÞo1: Then the free scaled product of
II1-factors
M ¼N *
i2I
½tðiÞ;QðiÞ
is the free subproduct
MðI1Þ *
i2I0
½tðiÞ;QðiÞ;
where I0 ¼ fi 2 I j tðiÞ41g and where
MðI1Þ ¼N* *
i2I1
QðiÞ 1
tðiÞ
*LðFtðiÞ21Þ
  !
;
with I1 ¼ I =I0:
Remark 4.2. Clearly the free scaled product M is always a II1-factor.
Let t be the tracial state on M: Then,
M ¼ W n A[
[
i2I
Bi
 !
for *-subalgebras A and Bi of M; where
(i) A ﬃN;
(ii) for all i 2 I ; pi 2 Bi  piMpi for a projection pi 2 A;
(ii0) for all i 2 I ; tð piÞ ¼ minð1; tiÞ;
(ii00) for all i 2 I ;
Bi ﬃ
QðiÞ if i 2 I0;
QðiÞ 1
tðiÞ
*LðFtðiÞ21Þ if i 2 I1;
8<
:
(iii) for all i 2 I ; Bi and
pi W
n A [
[
j2I =fig
Bi
0
@
1
A
0
@
1
Api
are free with respect to t1i tppiMpi :
FREE SUBPRODUCTS AND FREE SCALED PRODUCTS 167Definition 4.3. The inclusion A+M is called the canonical embedding
N+N *
i2I
½ti;QðiÞ
of free scaled products.
Clearly, the analogues of the properties spelled out in Proposition 3.5
hold for free scaled products as well.
Theorems 3.10, 3.11 and Lemma 3.12 imply their analogues for free scaled
products:
Theorem 4.4. If
M ¼N *
n
i¼1
½tðiÞ;QðiÞ
is a free scaled product where n 2 N; then
MﬃN*Qð1Þ 1
tð1Þ
*    *QðnÞ 1
tðnÞ
*LðFrÞ;
where
r ¼ nþ
Xn
i¼1
tðiÞ2:
Theorem 4.5. Suppose
M ¼N *
1
i¼1
½ti;QðiÞ ð27Þ
is a free scaled product of countably infinitely many II1 factors and that either
NﬃN*LðF1Þ or QðiÞ ﬃ QðiÞ*LðF1Þ for some i 2 N: Then,
MﬃN* *
1
i¼1
QðiÞ 1
tðiÞ
 
and regarding N M by the canonical embedding for construction (27),N is
freely complemented in M by an algebra isomorphic to
*
1
i¼1
QðiÞ 1
tðiÞ
:
Lemma 4.6. Let
M ¼N *
1
i¼1
½ti;QðiÞ
KEN DYKEMA168be a free scaled product. If there is e > 0 such that tðiÞ > e for infinitely many
i 2 N then the conclusions of Theorem 4.5 hold.
We now begin proving the rescaling formula for free scaled products.
Lemma 4.7. Consider a free subproduct
M ¼N *
n
i¼1
½tðiÞ;QðiÞ;
n 2 N[1; of N with finitely or countably infinitely many II1-factors QðiÞ;
where either n 2 N or limi!1 tðiÞ ¼ 0: Consider N M via the canonical
embedding. Let p 2N be a projection of trace s: Then there is an isomorphism
pMp!

ð pNpÞ *
n
i¼1
½tðiÞ
s
;QðiÞ
intertwining the inclusion pNp+pMp with the canonical embedding
pNp+ð pNpÞ *
n
i¼1
½tðiÞ
s
;QðiÞ:
Proof. Write
M ¼ W n A [
[n
i¼1
Bi
 !
as in Proposition 3.1 with for every i; pi 2 Bi  piMpi for projections pi 2 A
satisfying either pi5p or pi4p: If tðiÞ4s for all i 2 N then
pMp ¼ Wn pAp
[n
i¼1
Bi
 !
and the conclusions of the lemma are clear.
Assume tðiÞ5tði þ 1Þ for all i and, for some m 2 N; tðmÞ > s and either
m ¼ n or tðmþ 1Þ4s: For every k 2 f1; . . . ; mg; let
NðkÞ ¼ Wn A[
[
14j4k
Bj
 !
:
Then, pkNðkÞpk ¼ W nð pkNðk  1Þpk [ BkÞ and pkNðk  1Þpk and Bk are
free. By Theorem 2.1, pNðk  1Þp is freely complemented in pNðkÞp by an
algebra isomorphic to
QðkÞ s
tðkÞ
*L FðtðkÞ
s
Þ21
 
:
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pNðmÞp ﬃ ð pNpÞ*Qð1Þ s
tð1Þ
*    *QðmÞ s
tðmÞ
*LðFrÞ;
where r ¼ mþ
Pm
i¼1 tðiÞ
2; and that the algebra pNð0Þp ¼ pAp is freely
complemented in pNðnÞp by an algebra, call it D; isomorphic to
Qð1Þ s
tð1Þ
*    *QðmÞ s
tðmÞ
*LðFrÞ:
Then,
pMp ¼ Wn pAp[D[
[n
i¼mþ1
Bi
 !
:
Now the conclusions of the lemma are clear. ]
Proposition 4.8. Let M ¼N*LðFrÞ for a II1-factor N and for some
r > 0: RegardN M via the canonical embedding. If p 2N is a projection of
trace s; then there is an isomorphism
pMp!

ð pNpÞ*LðFr=s2 Þ ð28Þ
intertwining the inclusion pNp+pMp with the canonical embedding pNp+
ð pNpÞ*LðFr=s2 Þ:
Proof. By Theorem 3.9, we have isomorphisms
M!

N*
ﬃﬃﬃﬃﬃﬃ
r
rþ1
q
; LðFrþ1Þ
h i
;
ð pNpÞ*LðFr=s2Þ!

ð pNpÞ*
1
s
ﬃﬃﬃﬃﬃﬃ
r
rþ1
q
; LðFrþ1Þ
 
that intertwine the corresponding canonical embeddings. These combined
with the isomorphism
p N*
ﬃﬃﬃﬃﬃﬃ
r
rþ1
q
; LðFrþ1Þ
h i 
p!

ð pNpÞ*
1
s
ﬃﬃﬃﬃﬃﬃ
r
rþ1
q
; LðFrþ1Þ
 
obtained from Lemma 4.7 give the desired isomorphism (28). ]
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M ¼N *
i2I
½tðiÞ;QðiÞ
be a free scaled product of II1-factors QðiÞ with I finite or countably infinite. If
0oso1 then
Ms ﬃNs *
i2I
tðiÞ
s
;QðiÞ
 
: ð29Þ
Furthermore, if s41 and if p 2N is a projection of trace s; then regarding
N M via the canonical embedding, there is an isomorphism
pMp!

ð pNpÞ *
i2I
tðiÞ
s
;QðiÞ
 
ð30Þ
intertwining the inclusion pNp+pMp and the canonical embedding
pNp+ð pNpÞ *
i2I
tðiÞ
s
;QðiÞ
 
:
Proof. In order to prove isomorphism (29) for all s 2 ð0;1Þ; it will sufﬁce
to show it for all s 2 ð0; 1Þ: So assume 0oso1: If there is e > 0 such
that tðiÞ > e for inﬁnitely many i 2 I ; then the existance of isomorphism (30)
with the required properties follows from Lemma 4.6 and Theorem 2.1.
Hence, we may assume either I ¼ f1; . . . ; ng for some n 2 N or I ¼ N and
limi!1 tðiÞ ¼ 0 (in which case we let n ¼ 1). Assume also tð1Þ5tð2Þ5    : If
tð1Þ41 then the conclusion of the theorem follows from Lemma 4.7. So
assume there is m 2 I such that tðmÞ > 1 and either mþ 1 =2 I or tðmþ 1Þ41:
Letting
MðmÞ ¼N *
m
i¼1
½tðiÞ;QðiÞ;
by deﬁnition N is freely complemented in M by an algebra isomorphic to
Qð1Þ 1
tð1Þ
*    *QðmÞ 1
tðmÞ
*LðFrÞ;
where r ¼ mþ
Pm
i¼1 tðiÞ
2: By Theorem 2.1, pNp is freely complemented in
pMðmÞp by an algebra isomorphic to
Qð1Þ 1
tð1Þ
*    *QðmÞ 1
tðmÞ
*LðFrÞ
 
s
*LðFs21Þ
ﬃ Qð1Þ s
tð1Þ
*    *QðmÞ s
tðmÞ
*LðFs2ðrþmÞmÞ: ð31Þ
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is an isomorphism
M!

MðmÞ *
n
i¼mþ1
½tðiÞ;QðiÞ
intertwining the inclusion MðmÞ+M and the canonical embedding
MðmÞ+MðmÞ *
n
i¼mþ1
½tðiÞ;QðiÞ:
Now Lemma 4.7 shows that there is an isomorphism
pMp!

ð pMðmÞpÞ *
n
i¼mþ1
tðiÞ
s
;QðiÞ
 
intertwining the inclusion pMðmÞp+pMp and the canonical embedding
pMðmÞp+ð pMðmÞpÞ *
n
i¼mþ1
tðiÞ
s
;QðiÞ
 
:
This together with the fact that pNp is freely complemented in pMðmÞp by
an algebra isomorphic to (31) ﬁnishes the proof. ]
The following corollary is simply Theorem 4.9 in reverse, and
can be proved using Lemma 2.2 similarly to how Corollary 2.3 was
proved.
Corollary 4.10. Let N be a II1-factor which is a unital subalgebra of a
tracial von Neumann algebra M: If p 2N is a projection of trace s > 0 and if
there is an isomorphism
pMp!

ð pNpÞ *
i2I
½tðiÞ;QðiÞ;
where the RHS is a free scaled product, intertwining the inclusion pNp+
pMp and the canonical embedding
pNp+ð pNpÞ *
i2I
½tðiÞ;QðiÞ;
then there is an isomorphism
M!

N *
i2I
½tðiÞs;QðiÞ
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N+N *
i2I
½tðiÞs;QðiÞ:
5. FREE TRADE IN FREE SUBPRODUCTS AND FREE
SCALED PRODUCTS
In this section we will be concerned with free scaled products
ðN*LðFrÞÞ *
i2I
½ti;QðiÞ; ð32Þ
where r50; and with results allowing one to increase or decrease the ti;
compensating by rescaling QðiÞ and, if necessary, by changing r: This sort of
exchange we call free trade in free scaled products.
Definition 5.1. LetM be the free scaled product (32) above. Then the
canonical embedding N+M is the composition of the canonical embedding
N+N*LðFrÞ and the canonical embedding
N*LðFrÞ+ðN*LðFrÞÞ *
i2I
½ti;QðiÞ:
Proposition 4.8 and Theorem 4.9 combine to give the following
result.
Theorem 5.2. Let M be the free scaled product (32) above and
let 0oso1: Then,
Ms ﬃ ðNs *LðFs2rÞÞ *
i2I
tðiÞ
s
;QðiÞ
 
:
Furthermore, regarding N as contained in M by the canonical
embedding, if so1 and if p 2N is a projection of trace s; then there is an
isomorphism
pMp!

ð pNp*LðFs2rÞÞ *
i2I
tðiÞ
s
;QðiÞ
 
intertwining the inclusion pNp+pMp and the canonical embedding
pNp+ð pNp*LðFs2rÞÞ *
i2I
tðiÞ
s
;QðiÞ
 
:
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1 t2Þ4r41 and let
M ¼ ðN*LðFrÞÞ* ½t;Q:
Then there is an isomorphism
M!

N*ðQ1
t
*LðFr1þt2 ÞÞ ð33Þ
intertwining the canonical embedding N+M and the embedding
N+N*ðQ1
t
*LðFr1þt2 ÞÞ
arising from the free product construction.
Proof. If t51 then this is immediate from the deﬁnition of free scaled
products, (Deﬁnition 4.1).
Let t denote the tracial state on M: Suppose ﬁrst t ¼ 1=k; k 2 N=f1g:
Then,
N*LðFrÞ ﬃ ðN*LðFr1þt2 ÞÞ*MkðCÞ
and we may take
M ¼ W nðA[ F [ feij j 14i; j4kg [ BÞ;
where A is a unital copy ofN; 1M 2 F 2F with F having generating set of
free dimension r 1þ t2; ðeijÞ14i;j4k is a system of matrix units in M; the
family
A; F ; feij j 14i; j4kg
is free with respect to t; e11 2 B  e11Me11 with B a subalgebra of e11Me11
isomorphic to Q and the pair
e11W
nðA[ F [ feij j 14i; j4kgÞe11; B ð34Þ
is free with respect to ktpe11Me11 : Let
P ¼ W nðA[ F Þ; S ¼ W nðfeij j 14i; j4kg [ BÞ:
Then,
PﬃN*LðFr1þt2Þ; Fﬃ Qk:
KEN DYKEMA174We shall show that P and S are free with respect to t: Let
Uo ¼ feij j 14i; j4k; iajg [ eii 
1
k
    14i4k
! "
:
Then we have
Po ¼ spanLoðAo; FoÞ;
So ¼ span Uo [
[
14i;j4k
ei1B
oe1j
 !
:
Hence, for freeness of P and S; it will sufﬁce to show
Lo Co; Fo; Uo [
[
14i;j4k
ei1B
oe1j
 !
 ker t: ð35Þ
After regrouping, any word x belonging to the LHS of (35) is seen to be
equal to ei1x
0e1j ; for some i; j 2 f1; . . . ; kg; where
x0 2 Lo e11LoðCo; Fo; UoÞe11; Boð Þ:
But freeness of pair (34) shows tðx0Þ ¼ 0 and thus tðei1x0e1jÞ ¼ 0: This shows
the existence of isomorphism (33) in the case t ¼ 1=k:
Now suppose to1 is not a reciprocal integer. Let k 2 N be such that 1
k
ot
and let s ¼ 1
kt
; *N ¼N1
s
and
*M ¼ ð *N*LðFs2rÞÞ* ½
1
k
;Q:
By the case just proved, regarding *N as contained in *M via the canonical
embedding, *N is freely complemented in *M by a copy of Qk *LðFs2r1þk2 Þ:
Let q 2 *N be a projection of trace s: By Theorem 2.1, q *Nq is freely
complemented in q *Mq by a copy of
ðQk *LðFs2r1þk2ÞÞs *LðFs21Þ ﬃ Q1
t
*LðFr1þt2Þ:
On the other hand, by Proposition 4.8 and Theorem 4.9, there is an
isomorphism
q *Mq!

ððq *NqÞ*LðFrÞÞ* ½t;Q
intertwining the inclusion q *Nq+q *Mq and the canonical embedding
q *Nq+ððq *NqÞ*LðFrÞÞ* ½t;Q: As q *Nq ﬃN; we are done. ]
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t24r41 and let
M ¼ ðN*LðFrÞÞ* ½t;Q:
Then there is an isomorphism
M!

ðN*LðFrs2þt2ÞÞ* ½s;Qs
t
 ð36Þ
intertwining the canonical embeddings N+M and
N+ðN*LðFrs2þt2 ÞÞ* ½s;Qs
t
:
Proof. If s ¼ 1 then this is just Lemma 5.3. Suppose s > 1: Then
by Lemma 5.3, since r > 1 t2; the image of N in M under the canonical
embedding is freely complemented by an algebra isomorphic to Q1=t*
LðFr1þt2 Þ: On the other hand, by the deﬁnition of free scaled
products (Deﬁnition 4.1), the image ofN in ðN*LðFrs2þt2 ÞÞ* ½s;Qs
t
 under
the canonical embedding is freely complemented by an algebra isomorphic
to
ðLðFs2ðrþt2Þ1 *Qs
t
Þ1
s
*LðFs21Þ ﬃ LðFr1þt2Þ*Q1
t
:
From this, we can construct isomorphism (36) in the case s > 1:
Now suppose so1: Denote by p :N!M the canonical embedding, let
*M ¼ ðN*LðFrs2þt2ÞÞ* ½s;Qs
t

and let *p :N! *M denote the canonical embedding. Let p 2N be a
projection of trace s: Then using Theorem 5.2, there is an isomorphism
pð pÞMpð pÞ!

ð pNp*LðFs2rÞÞ* ½
t
s
;Q
intertwining pppNp and the canonical embedding
pNp+ð pNp*LðFs2rÞÞ* ½
t
s
;Q:
Since s2r51 s2t2; Lemma 5.3 gives an isomorphism
pð pÞMpð pÞ!

pNp*ðQs
t
*LðFs2r1þs2t2 ÞÞ ð37Þ
intertwining pppNp and the canonical embedding
pNp+pNp*ðQs
t
*LðFs2r1þs2t2 ÞÞ: ð38Þ
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*pð pÞ *M *pð pÞ!

pNp*ðQs
t
*LðFs2r1þs2t2 ÞÞ ð39Þ
intertwining *pppNp with canonical embedding (38). Isomorphisms
(37) and (39) together with Lemma 2.2 give the desired isomorphism
(36). ]
Theorem 5.5. Let
M ¼ ðN*LðFrÞÞ *
n
i¼1
½tðiÞ;QðiÞ;
for n 2 N[ f1g; 04ro1 and 0otðiÞo1 be a free scaled product of finitely
or countably infinitely many II1-factors N and QðiÞ:
(i) If
Pn
i¼1 tðiÞ
2 ¼ 1 then there is an isomorphism
M!

N* *
1
i¼1
QðiÞ 1
tðiÞ
 
ð40Þ
intertwining the canonical embedding N+M and the embedding
N+N* *
1
i¼1
QðiÞ 1
tðiÞ
 
arising from the free product construction.
(ii) Suppose
Pn
i¼1 tðiÞ
2o1; let 0osðiÞo1 and let
r0 ¼ rþ
Xn
i¼1
ðtðiÞ2  sðiÞ2Þ: ð41Þ
If r050 then there is an isomorphism
M!

ðN*LðFr0 ÞÞ *
n
i¼1
½sðiÞ;QðiÞsðiÞ
tðiÞ
 ð42Þ
intertwining the canonical embeddings N+M and
N+ðN*LðFr0 ÞÞ *
n
i¼1
½sðiÞ;QðiÞsðiÞ
tðiÞ
:
Proof. We begin by proving (i) and a special case of (ii) simultaneously.
Suppose 0osðiÞ4tðiÞ for all i: Denote by t the tracial state on M: We may
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M ¼ W n A[ F [
[n
i¼1
Bi
 !
;
where A is a unital copy ofN; 1M 2 F 2F with F having generating set of
free dimension r; pi 2 Bi  piMpi for a projection pi 2 A of trace minðtðiÞ; 1Þ;
Bi is a subalgebra of piMpi isomorphic to QðiÞ if tðiÞ41 and to QðiÞ*
LðFtðiÞ21Þ if tðiÞ > 1; F and W
nðA [
Sn
i¼1 BiÞ are free with respect to t and,
ﬁnally, the family
ðW nðA[ BiÞÞ
n
i¼1
if free over A with respect to the t-preserving conditional expectation
M! A (see Remark 3.2). Using Lemma 5.4, we get
W nðA[ BiÞ ¼ W nðA[Di [ CiÞ;
where Di 2F has generating set of free dimension r sðiÞ
2 þ tðiÞ2; Di and A
are free, qi 2 Ci  qiW nðA[ BiÞqi is a subalgebra, for a projection qi 2 A of
trace sðiÞ;
Ci ﬃ
QðiÞsðiÞ
tðiÞ
if tðiÞ41;
QðiÞ*LðFsðiÞ21Þ if tðiÞ > 1;
8<
:
and, ﬁnally, qiW
nðA[DiÞqi and Ci are free with respect to sðiÞ
1tpqiMqi :
Thus,
M ¼ W n A[ F [
[n
i¼1
ðDi [ CiÞ
 !
and we get an isomorphism (42), with r0 as in (41), intertwining the canonical
embeddings. This proves (ii) in the case sðiÞotðiÞ for all i: For (i), if Pni¼1
tðiÞ2 ¼ 1; then 0osðiÞotðiÞ can be chosen making r0 ¼ 1: Then isomorph-
ism (40) follows by Theorem 4.5.
In order to prove the general case of (ii), let
I ¼
f1; . . . ; ng if n 2 N;
N if n ¼ 1
(
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I1 ¼fi 2 I j sðiÞ > tðiÞg;
I0 ¼ I =I1:
Using the nesting result of Proposition 3.5(A) and, twice in succession, the
case of (ii) just proved, we get isomorphisms
M !

ðN*LðFrÞÞ *
i2I0
½tðiÞ;QðiÞ
 !
*
i2I1
½tðiÞ;QðiÞ
!

ðN*LðFr00 ÞÞ *
i2I0
½sðiÞ;QðiÞsðiÞ
tðiÞ

 !
*
i2I1
½tðiÞ;QðiÞ
!

N *
i2I0
½sðiÞ;QðiÞsðiÞ
tðiÞ

 !
*LðFr00 Þ
 !
*
i2I1
½tðiÞ;QðiÞ
!

N *
i2I0
½sðiÞ;QðiÞsðiÞ
tðiÞ

 !
*LðFr0 Þ
 !
*
i2I1
½sðiÞ;QðiÞsðiÞ
tðiÞ

!

ðN*LðFr0 ÞÞ *
i2I
½sðiÞ;QðiÞsðiÞ
tðiÞ
;
where r00 ¼ rþ
P
i2I0 tðiÞ
2  sðiÞ2; whose composition intertwines the cano-
nical embeddings. ]
We know from [9] (see also [2]) that the interpolated free group factors
ðLðFtÞÞ1ot41 are either all isomorphic to each other or all mutually
nonisomorphic. Some statements equivalent to isomorphism of free group
factors were found in [7]. The following theorem gives another equivalent
statement involving free scaled products.
Theorem 5.6. The free group factors are isomorphic if and only if the
isomorphism
N *
1
i¼1
½tðiÞ;QðiÞ ﬃN* *
1
i¼1
QðiÞ 1
tðiÞ
 
ð43Þ
holds for every free scaled product of countably infinitely many II1-factors.
FREE SUBPRODUCTS AND FREE SCALED PRODUCTS 179Proof. Suppose the free group factors are isomorphic. Then
N *
1
i¼1
½tðiÞ;QðiÞ ﬃ N* ½tð1Þ;Qð1Þ
 
*
1
i¼2
½tðiÞ;QðiÞ
ﬃ N*Q 1
tð1Þ
*LðFtð1Þ21Þ
 
*
1
i¼2
½tðiÞ;QðiÞ
ﬃ N*Q 1
tð1Þ
*LðF1Þ
 
*
1
i¼2
½tðiÞ;QðiÞ
ﬃN* *
1
i¼1
QðiÞ 1
tðiÞ
 
;
where the second isomorphism is from Theorem 4.4, the third isomorphism
is a consequence of isomorphism of free group factors by [7, Theorem 6] and
the last isomorphism is from Theorem 4.5.
On the other hand, suppose (43) holds in general. From Theorem 3.9 we
have
LðF4Þ ﬃ LðF2Þ *
1
k¼1
½2k=2; LðF2Þ;
while isomorphism (43) gives
LðF2Þ *
1
k¼1
½2k=2; LðF2Þ ﬃ LðF2Þ* *
1
k¼1
LðF1þ2k Þ
 
ﬃ LðF1Þ: ]
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